1 The role of extremes in society and scope of the paper Statistics of univariate extremes (SUE) has been successfully used in the most diverse fields, such as finance, insurance and risk theory, where the value-at-risk (VaR) at any level p, the size of the loss that occurred with small probability p, and the adjustment coefficient, a rudimentary measure of risk in a collective of insurance risks, are important parameters of extreme or even rare events. Also, in fields like biology and environment, the Weibull tail coefficient, the regular variation coefficient of the inverse failure rate function, probabilities of exceedance of high levels and endpoints of underlying models (life-time of human beings, ultimate records in the field of athletics) are relevant extreme events' parameters or functionals. Statistical problems in all these areas have direct ethical, social, economic and environmental impact and this is one of the reasons why statistics of extremes, in general, and SUE, in particular, have faced a huge development in the last decades. Indeed, rare events can have catastrophic consequences for human activities, through their impact on the natural and constructed environments. The recent development of sophisticated methodology for the estimation and prediction of functionals of rare events has contributed to save endangered natural resources, to model climate, earthquakes and other environmental phenomena, like precipitation, temperature and floods, situations where we have to deal with large risks or with very low probabilities of over (under)-passing a high (low) level. From a theoretical point of view, the key result obtained by Fisher & Tippett (1928) on the possible limiting laws of the sample maxima of a random sample (X 1 , . . . , X n ), of independent and identically distributed (IID) random variables (RVs), formalized by Gnedenko (1943) , and used by Gumbel (1958) for applications of extreme value theory (EVT) in engineering subjects, are some of the key tools that led to the way statistical EVT has been exploding in the last decades. The statistical applications of EVT gave emphasis to the relaxation of the independence condition, to the consideration of multivariate and spatial frameworks and to a deeper and deeper use of regular variation and point process approaches. These topics are well-documented in the books by David (1970) , Galambos (1978) , Leadbetter et al. (1983) , Resnick (1987) In Section 2 of this review paper, we provide some details related to the non-degenerate limiting behaviour of the sequence of maximum values, other top order statistics (OSs) and excesses over high thresholds. Section 3 is dedicated to the most common parametric models in SUE and to a discussion of the more recent semi-parametric frameworks. Estimation procedures are discussed in sections 4, 5 and 6. In Section 7 we briefly discuss SUE for censored data. Section 8 is dedicated to a brief reference to testing issues either under parametric or semi-parametric frameworks. In Section 9 we make a brief reference to the estimation of the extremal index. Finally, in Section 10, we mention a few other relevant topics in the area and a few important open problems that we think useful to be dealt with in the nearby future.
b n ∈ R. Then, Gnedenko's extremal types theorem (ETT) assures us that such a limiting RV has a cumulative distribution function (CDF) of the type of the extreme value distribution (EVD), given by EV ξ (x) = exp −(1 + ξx) −1/ξ , 1 + ξx ≥ 0, if ξ = 0, exp(− exp(−x)), x ∈ R, if ξ = 0, (2.1) and ξ is the so-called extreme value index (EVI), the primary parameter in SUE. We then say that F is in the max-domain of attraction (MDA) of EV ξ , in (2.1), and use the notation F ∈ D M (EV ξ ). The parameter ξ measures essentially the weight of the right tail-function (RTF),
If ξ < 0, the right-tail is short and light, i.e. x F := sup{x : F (x) < 1}, the right endpoint of F , is finite. This class is called the Weibull class and contains among others the uniform and reverse Burr CDFs. If ξ > 0, the right-tail is heavy, of a negative polynomial type, and F has an infinite right endpoint. Examples in this class (Fréchet class) are the Pareto, Burr, Student's, α-stable (α < 2) and loggamma CDFs. If ξ = 0, the right-tail is of an exponential type, and the right endpoint can then be either finite or infinite. This class (Gumbel class) encompasses the exponential, normal, lognormal, gamma and classical Weibull CDFs, with an infinite right endpoint, but also models with a finite right endpoint, like F (x) = C exp(−δ/{x F − x}), for x < x F , δ > 0, and C > 0.
In Gnedenko's pioneering paper and also nowadays in many applications of EVT, the EVD, in (2.1), is often rewritten on the three domains of attractions as follows:
The CDFs, either in (2.1) or in (2.2) , are appropriate when the data consist of a set of maxima.
Joint limiting behaviour of top OSs
Apart from the ETT and the already mentioned EVD, in (2.1), it is also sensible mentioning the multivariate EVD (MEVD), related to the limiting distribution of the k largest values X n−i+1:n , 1 ≤ i ≤ k, also called the extremal process (Lamperti, 1964; Dwass, 1964) , with associated probability density function (PDF)
where
Limiting structure of the excesses over a high threshold
Just as mentioned above, rather than the maxima, we can consider all values larger than a given threshold. The differences between these values and a given threshold are called exceedances over the threshold. These exceedances are typically assumed to have a GP ξ (x/σ) =: GP ξ,σ (x) CDF, σ > 0, with GP ξ the generalized Pareto distribution (GPD), defined by
This distribution is generalized in the sense that it subsumes certain other distributions under a common parametric form. In the GP ξ,σ (x) CDF, ξ is the important shape parameter of the distribution and σ is an additional scaling parameter. The distribution of excesses over a high threshold u is defined to be
Depending on the field of applications, different names for F u arise, for instance excess-life or residual lifetime in reliability or medical statistics, excess-of-loss in an insurance framework. According to Balkema & de Haan (1974) and Pickands (1975) , the key result in EVT which explains the importance of the GPD is that
for some positive function σ(u). Thus, the GPD is the natural model for the unknown excess distribution above sufficiently high thresholds. This approach based on the GPD approximation is called the peaks-over-threshold (POT) approach.
First, second and higher-order frameworks
We further use the notations
for the generalized inverse function of F , R a for the class of regularly varying functions at infinity with an index of regular variation a, i.e. positive Borel measurable functions g(·) such that g(tx)/g(t) → x a , as t → ∞, for all x > 0 (see Bingham et al., 1987 , for details on regular variation), and
for the tail quantile function (TQF). A necessary and sufficient condition for F ∈ D M (EV ξ ), provided in de Haan (1984) , is the following
a(t) = ϕ ξ (x) =:
for all x > 0, where a is a positive measurable function. Condition (2.5) is known as the first-order condition. For instance, in the Fréchet MDA, we can choose a(t) = ξU (t) and thus F ∈ D M (Φ ξ ) iff lim t→∞ U (tx)/U (t) = x ξ , x > 0, which means U ∈ R ξ or equivalently F ∈ R −1/ξ .
However a first-order condition is in general not sufficient to study properties of tail parameters' estimators, in particular asymptotic normality. In that case a second-order condition is required specifying the rate of convergence in (2.5). Different types of conditions exist, some expressed in terms of either F or U or ln U . The most common one is the following
x > 0, where ρ ≤ 0 is a second-order parameter, A is a function possibly not changing in sign and tending to 0 as t → ∞, such that |A| ∈ R ρ (de Haan & Stadtmüller, 1996) . Note that both in (2.5) and (2.6) we could have provided a simpler limit by using the interpretation of the Box-Cox function as the logarithm when the power equals 0. Again the rate of convergence in (2.6) can also be specified in a third-order condition (see Gomes et 
Models in SUE
Statistical inference about rare events is clearly linked to observations which are extreme in some sense. There are different ways to define such observations, and such definitions lead to different alternative approaches to SUE.
Gumbel's approach or block maxima method
When the sample size n → ∞, and due to the limiting result given before for the normalized sequence of maximum values, i.e. the ETT, we can write
with EV ξ (x) given in (2.1) and (λ n , δ n ) ∈ (R, R + ) an unknown vector of location and scale parameters, that replaces the attraction coefficients (b n , a n ) in the normalized sequence of maximum values, (X n:n − b n )/a n .
The aforementioned ETT was used by Gumbel in several papers which culminated in his 1958 book, to give approximations of the type of the one provided in (3.1) but for any of the models in (2.2). He suggested the first model in SUE, usually called the annual maxima or block maxima (BM) model or the EV univariate model or merely Gumbel's model. Under Gumbel's model, the sample of size n is divided into k sub-samples of size r (usually associated to k years, with n = r ×k, and r reasonably large). Next, the maximum of the r observations in each of the k sub-samples is considered, and one of the extremal models in (2.2), obviously with extra unknown location and scale parameters, is fitted to the sample of those k maximum values. Nowadays, whenever using this approach, still quite popular in environmental sciences, it is more common to fit to the data an EVD, EV ξ ((x − λ r )/δ r ), with EV ξ given in (2.1), (λ r , δ r , ξ) ∈ (R, R + , R) unknown location, scale and 'shape' parameters. All statistical inference is then related to the above mentioned models.
Multivariate and multi-dimensional EV approaches: the method of largest observations
Although Gumbel's statistical procedure has proved to be fruitful in the most diverse situations, several criticisms have been made on Gumbel's technique, and one of them is the fact that we are wasting information when using only observed maxima and not further OSs, if available, because they certainly contain useful information about the RTF underlying the data. On the other hand, in most areas of application there is no natural seasonality of the data, and in such framework the method of sub-samples is subjective and artificial. To infer on the right tail weight of the underlying model, it seems sensible to think of a small number k of top OSs from the original data. Indeed, if we have daily data, some years may have several values among those top OSs (that are for sure relevant to make inference upon the RTF), and other years may contain none of those top values. We can thus say that such an approach provides additional information, that has been disregarded in the traditional Gumbel's methodology.
This approach depends on the joint limiting distributional behaviour of those top OSs. When the sample size n is large and for fixed k, it is sensible to consider, on the basis of the PDF h ξ defined in (2.3), the approximation,
where H ξ is the MEV CDF associated with h ξ , and λ n and δ n are unknown location and scale parameters, respectively, to be estimated on the basis of the k top OSs in the sample of size n. This approach to SUE is the so-called MEV model or largest observations (LOB) method or extremal process. Under this approach it is easier to increase the number k of observations, contrarily to what happens in Gumbel's approach, where a larger number n of original observations is usually needed. Such an approach has been introduced first, in a slightly different context, by Pickands (1975) and was used by Weissman (1978) and Gomes (1978 Gomes ( , 1981 . Note finally that it is easy to combine both approaches. In each of the sub-samples associated to Gumbel's classical approach, we can collect a few top OSs modelled through a MEV model, and next consider the multidimensional EV model, based on the multivariate sample,
are MEV vectors.
The POT approach
Another approach to SUE, in a certain sense parallel to the MEV model, is the one in which we restrict our attention only to the observations that exceed a certain high threshold u, fitting the appropriate statistical model to the excesses over such a high level u. From the results in Section 2, we get the approximation
with GP ξ (·), the GPD in (2.4). We are then led to consider a deterministic high level u and work with the excesses. The adequate model is then the GPD. Such a model is the so-called Paretian excesses model or POT model, and was introduced in Smith (1987a) . Here, all statistical inference is related to the GPD. Despite the existence of an extra scale parameter σ = σ(u), the POT model can also be regarded as a semi-parametric model whenever we work in the MDA of EV ξ .
Bayesian approaches
It has recently become more and more common to use Bayesian methods within EV analysis, as can be seen in the monographs by Reiss & Thomas (2001; , by Coles (2001) , by , and references therein.
Summary of parametric approaches and a link to semi-parametric frameworks
More recently, the LOB and the POT methodologies have been considered under a semi-parametric framework. There is then no fitting of a specific parametric model, dependent upon a location parameter λ, a scale parameter δ and a 'shape' parameter ξ. It is merely assumed that F ∈ D M (EV ξ ), with EV ξ given in (2.1), ξ being the unique primary parameter of extreme events to be estimated, on the basis of a few top observations, and according to adequate methodology, to be dealt with in Section 5. We now summarise the different approaches to SUE here discussed:
1. Parametric approaches:
I The univariate EV model (for the k maximum values of sub-samples of size r, n = r × k.) (Gumbel's classical approach or BM method). II The MEV model or LOB method (for the k top OSs associated with the original sample of size n). III The multi-dimensional EV model (MEV model for the i j top observations, j = 1, 2, . . . , m, in sub-samples of size r, m × r = n). m = k and i j = 1 for 1 ≤ j ≤ k originates I; m = 1 (r = n) and i 1 = k originates II. IV The Paretian model for the excesses,
V Bayesian approaches.
Semi-parametric approaches:
VI Under these approaches we work with the k top OSs associated with all n observations or with the excesses over a high deterministic or random threshold, assuming only that the model F underlying the data is in D M (EV ξ ) or in specific sub-domains of D M (EV ξ ), with EV ξ (·) provided in (2.1). The POT approach can thus be considered under this framework.
Estimation under parametric frameworks
We have now several 'R-Packages for Extreme Values', such as evd, evdbayes, evir, ismev, extRemes, extremevalues, fExtremes, lmom, lmomRFA, lmomco, POT and SpatialExtremes, among others, that can help us in most of the inferential procedures given below.
Gumbel's approach or block maxima method
Computational details on maximum likelihood (ML) estimation of (λ, δ, ξ) in the EV model, EV ξ ((x − λ)/δ), with EV ξ (x) given in (2.1), can be found in Prescott & Walden (1980 , Hosking (1985) , Smith (1985) and Macleod (1989) , among others. As the ML estimators can be numerically difficult to handle, several alternative methods have been proposed for the estimation of (λ, δ, ξ). The probability weighted moment (PWM) method, introduced by Landwehr et al. (1979) and Greenwood et al. (1979) is an interesting alternative to the ML approach. The main idea of this method is to match the moments
, with p, r and s real numbers, with their empirical versions, similarly to the classical method-of-moments. For the EVD, Hosking et al. (1985) show that E [X(F (X)) r ] can be explicitly computed, which leads to the PWM estimation of the parameters under play and, just like the ML approach, implies some restriction on the value of ξ.
Several other estimation methods for the EVD can be found in the literature. Among them we mention: best linear unbiased estimation (Balakrishnan & Chan, 1992) ; method of moments (Christopeit, 1994) ; minimum distance estimation (Dietrich & Hüsler, 1996) .
Robust methods for the EVD have been studied in Dupuis & Field (1998) , who derived Boptimal robust M-estimators for the case that the observations follow an EVD. Modifications of the ML estimator are presented by Coles & Dixon (1999) , who suggest penalised ML (PML) estimators, showing that PML estimation improves the small-sample properties of a likelihood-based analysis. The BM method has been recently revisited in Dombry (2013) and Ferreira & de Haan (2013).
Multivariate and multi-dimensional EV approaches: the method of largest observations
For estimation procedures under these MEV approaches, see Weissman (1984) , Smith (1986) , Tawn (1988) and references therein. ML estimators of the unknown parameters in the multidimensional EV model have been studied in Gomes (1981) . See also Smith (1984) and references therein. The use of concomitants of OSs, to deal with statistical inference techniques in this model, appears in Gomes (1984 Gomes ( , 1985a . A comparison of the MEV model and the multi-dimensional EV model is performed in Gomes (1985b Gomes ( , 1989a . Discrimination among MEV models can also be found in Fraga Alves (1992).
The POT approach
ML estimates of ξ and σ in a GPD, non-regular for ξ < −1/2, have been studied in Smith (1987a) . A survey of the POT methodology, together with several applications can be found in Davison & Smith (1990) . Just as for the EVD, as the ML estimators can be numerically hardly tractable (see Grimshaw, 1993) , there have been several methods, other than ML, proposed for the estimation of ξ and σ. Rootzén & Tajvidi (1997) , explicitly state that the selection of an appropriate threshold u, above which the GPD assumption is appropriate, is a difficult task in practice.
Robust estimation for the GPD was first addressed by Dupuis (1998) , who provides the optimally-biased robust estimator for the GPD and suggests a validation mechanism to guide the threshold selection. Peng & Welsh (2001) use the method of medians introduced by He & Fung (1999) , and get estimators of the unknown parameters of the GPD with bounded influence functions. Juárez & Schucany (2004) implement the minimum density power divergence estimator (MDPDE), originally introduced by Basu et al. (1998) , for the shape and scale parameters of the GPD. The MDPDE is indexed by a non-negative constant that controls the trade-off between robustness and efficiency. Frigessi et al. (2002) suggest an unsupervised alternative to the classical POT model, where a GPD is fitted beyond a threshold which is selected in a supervised way. They suggest to model the data with a dynamical mixture: one term of the mixture is a GPD and the other is a light-tailed density distribution. The weight of the GPD component is predominant for large values, and takes the role of threshold selection. A recent comparison between the BM approach (with several block-sizes, not only annual maximum values) and the POT approach has been performed by Engeland et al. (2004) . ) propose the use of a Bayesian predictive approach for the choice of the threshold, through a hierarchical Bayesian model. Stephenson & Tawn (2004) claim that in practice the appropriate asymptotically motivated extremal model, either EVD or GPD, fitted to data that can be regarded as maxima or exceedances of a high threshold, reduces the Gumbel (exponential) type to a single point in the parameter space, and consequently the Gumbel (exponential) model is never selected. They then decide to incorporate knowledge of the structure of the ETT into inference for the EVD and the GPD. To do this, they associate the probability p ξ to the parameter subspace corresponding to the Gumbel (exponential) type. This approach requires an inference scheme which allows switching between the full EVD (GPD) and the Gumbel (exponential) sub-model. They then perform inference using reversible jump MCMC techniques. This Bayesian approach recognises the possibility that the data can come from any of the three extremal types. As a by-product of the analysis, posterior probabilities for P(ξ > 0), P(ξ = 0) and P(ξ < 0) are obtained. propose a quasi-conjugate Bayesian inference approach for the GPD with ξ > 0, through the representation of a heavy-tailed GPD as a mixture of an exponential and a gamma distribution. For other papers on Bayesian approaches to, for instance, high quantile estimation, see, e.g., Coles & Powell (1996) and Coles & Tawn (1996) 
Bayesian approaches
where k = k(n) → ∞ in an appropriate way, so that an increasing sequence of upper OSs is used. One of the interesting facts concerning (5.1) is that various asymptotically equivalent versions of ξ H k,n can be derived through essentially different methods (such as the ML method or the mean excess function approach), showing that the Hill estimator is very natural. This estimator is based on the assumption that the RTF is of Zipf or Pareto form for large x, i.e. 1 − F (x) ∼ Cx −1/ξ as x → ∞, for some ξ > 0 and C > 0. Hence, Hill's estimator is only applicable in case the EVI is known to be positive, i.e., only in case the underlying CDF exhibits a heavy tail. Another reason for the success of this estimator is the fact that it can be interpreted as an estimator of the slope of the Pareto quantile plot, which is a graphical tool for testing whether the data are Pareto distributed. Indeed as log-transformed Pareto distributed RVs are exponentially distributed, one can visually check the hypothesis of a strict Pareto behaviour by looking at the scatterplot with coordinates (log((n + 1)/j), log X n−j+1:n ).
Kernel estimator. A general class of kernel estimators was given in Csörgő et al. (1985) ,
This estimator is also restricted to the case ξ > 0. The Hill estimator is a member of this class, since it can be obtained by taking a uniform kernel K(x). The kernel estimators can be interpreted as weighted least squares regression estimators of the slope of the Pareto quantile plot in case one considers regression lines passing through a fixed anchor point. Kernel EVI-estimators for a real ξ have been studied by Groeneboom et al. (2003) .
Pickands estimator. A simple estimator for the general case, ξ ∈ R, is the Pickands estimator (Pickands, 1975)
where x denotes the integer part of x.
Moment estimator. have proposed an alternative estimator that is not restricted to the case ξ > 0 and which has the following form
with GP ξ (x) given in (2.4). The solution of the ML equations associated with the above mentioned parameterization (Davison, 1984) gives rise to an explicit EVI-estimator, usually called the ML EVIestimator, that can be named PORT-ML, with PORT standing for peaks over random threshold, after Araújo Santos et al. (2006) . Such an EVI-estimator is given by
whereα is the implicit ML estimator of the unknown 'scale' parameter α. A comprehensive study of the asymptotic properties of this ML estimator for ξ > −1/2 has been undertaken in Drees et al. (2004) . As recently shown by Zhou (2009 Zhou ( , 2010 , such EVI-estimator is also valid for ξ > −1. We can also consider the random threshold X n−k:n replaced by a deterministic threshold u, working then under the POT methodology.
PWM estimators. The parametric PWM method, initially derived under parametric frameworks, and sketched in Section 4.1, can be devised under a semi-parametric framework. De Haan & Ferreira (2006) considered the semi-parametric generalized Pareto PWM (GPPWM) EVI-estimator, based on the sample of excesses over the high random level X n−k:n , i.e.,
, 
,
Mixed-Moment estimator. We further refer the so-called mixed moment (MM) estimator (Fraga Alves et al., 2009), valid for all ξ ∈ R, and given by
X n−k:n /X n−i+1:n . The MM EVI-estimator has a very simple form and is asymptotically very close to the ML EVI-estimator for a wide class of heavy-tailed models.
The mean-of-order-p EVI-estimator. A competitive generalization of the Hill estimator has been recently introduced in the literature. Note that we can write
The Hill estimator is thus the logarithm of the geometric mean (or mean-of-order-0) of U := {U ik := X n−i+1:n /X n−k:n , 1 ≤ i ≤ k < n} . More generally, Brilhante et al. (2013) considered as basic statistics the mean-of-order-p (MOP) of U, with p ≥ 0, i.e., the class of statistics
and the class of MOP EVI-estimators, 
Main asymptotic properties
In order to obtain weak consistency of all these estimators, we only need to assume that F belongs to the MDA, D M (EV ξ ) and that k is an intermediate sequence. However, if we want to obtain asymptotic normality, we need to strengthen this condition into a second-order one, of the form (2.6). More precisely, assuming that √ kA (n/k) → λ < ∞, we can expand each estimator ξ k,n as follows
where N k is a standard normal RV and (σ , b ) ∈ R + × R. Thus, with N (µ, σ 2 ) denoting a normal RV with mean value µ and variance σ 2 ,
Reduced-bias estimators
The adequate accommodation of the high asymptotic bias of some of the above mentioned EVIestimators has recently been extensively addressed. We mention the pioneering papers by Peng 
Choice of k
An important problem has often hampered a wide practical use of these estimators: the number k used in the implementation of these estimators depends strongly on the tail itself and needs to be estimated adaptively from the data. The choice of this number is clearly a question of trade-off between bias and variance: as k increases, the bias will grow since the tail satisfies less the convergence criterion, while if fewer data are used, the variance increases. It is therefore typically suggested that the optimal value of k should coincide with the value that minimizes the mean-squared error (MSE, the sum of the bias-squared and the variance). However it has been theoretically shown that this optimum depends on both the sample size and the unknown values of ξ and ρ (see Hall & Welsh, 1985 , among others). Therefore, some authors have suggested to plot the value of the ξ-estimator as a function of k and to judgementally choose a 'stable' point (see Drees 6 Semi-parametric estimation of other parameters
Classical semi-parametric estimation
Despite the fact that the estimation of quantiles, return periods of high levels and exceedance probabilities, among other parameters of extreme events, are at least as important in applications as the estimation of the EVI, we shall only briefly refer this topic.
High quantile or VaR-estimation. In a semi-parametric framework, the most usual estimators of a quantile VaR p = χ 1−p := U (1/p), with p small, can be easily derived from (2.5), through the approximation
The fact that X n−k+1:n P ∼ U (n/k) enables us to estimate χ 1−p on the basis of this approximation and adequate estimates of ξ and a(n/k). For the simpler case of heavy tails, the approximation turns out to be
and we get
where ξ k,n is any consistent semi-parametric EVI-estimator. This estimator is of the type of the one introduced by Weissman (1978) . Details on semi-parametric estimation of extremely high quantiles for ξ ∈ R, can be found in Probability of exceedance estimation. The estimation of the probability of exceedance of a fixed high level is the dual problem of estimation of a high quantile. It has been dealt with by Dijk & de Haan (1992) and Ferreira (2002) , among others. Again for Pareto-type underlying models, we get for the probability of exceedance of a high level x = x n ,
See also Caeiro et al. (2012).
Estimation of other parameters. The estimation of the endpoint of an underlying CDF has been studied by Hall (1982 
SORB semi-parametric estimation

SUE for censored data
Censoring and truncation are two of the most relevant concepts in Statistics. Although conceptually different, with the first one related to a cutting in the support of the underlying model and the second one with a cutting of the sample, they are formally quite similar. Whenever working in the area of SUE, and if interested in inference for large values, we are dealing under a kind of censoring, left censoring, working only with the k top OSs. But apart from this, we can also have a random right censoring. Censoring occurs both in industrial life-testing (i.e. investigation of the distribution of the lifetime of manufactured components) and in medical trials and biological experiments. So terms synonymous to a "censored observation" are "withdrawal", a "loss", or a "death due to a competing risk", while an "uncensored observation" might be a "failure", a "relapse", or a "death from the cause under study". Statistical techniques for analyzing censored data sets are quite well studied now, but they mostly concern central characteristics of the underlying distribution. The framework of extreme-value analysis under censoring has not been extensively studied in the literature. To the best of our knowledge, the first who mentioned the topic are Beirlant et al. Under random censoring, there is a RV Y such that only Z = X ∧ Y and δ = I {X≤Y } are observed, with I A denoting the indicator function of the event A. The indicator variable δ determines whether X has been censored or not. Consequently, we have access to the random sample (Z i , δ i ), 1 ≤ i ≤ n, of independent copies of (Z, δ), but our goal is to make inference on the RTF of the unknown lifetime distribution, i.e. on F X (x) := P(X > x) = 1 − F X (x), while F Y , the CDF of Y , is considered to be a non-parametric nuisance parameter. As mentioned in Einmahl et al. 
where ξ k,n can be one of the EVI-estimators defined in Section 5, but based on the observed sample (Z 1 , . . . , Z n ), δ [1,n] , ..., δ [n,n] are the δ's corresponding to the Z 1:n , . . . , Z n:n , p being the proportion of non-censored observations in the k−largest Z's. Another approach to derive estimators in the case of censoring is to adapt the likelihood to this context (see Beirlant et al., 2010) . For applications of this methodology to different sets of survival data as well as simulated data, with hints for the adequate EVI, high quantiles and right endpoint estimation of X, see also Gomes & Neves (2011).
Testing issues 8.1 Statistical choice of EV models under parametric frameworks
The Gumbel type CDF, Λ = EV 0 , or the exponential type CDF, GP 0 , with EV ξ and GP ξ given in (2.1) and (2.4), respectively, are favorites in SUE, essentially because of the simplicity of inference associated with these populations. Additionally, ξ = 0 can be regarded as a change-point, because for ξ < 0 the data come from a CDF with a finite right endpoint and for ξ > 0 the right endpoint is infinite. Thus, any separation between EV models, with Λ playing a central and prominent position (called 'trilemma' by Tiago de Oliveira), turns out to be an important statistical problem, that has been recently considered under a semi-parametric framework. From a parametric point of view, empirical tests of the hypothesis H 0 : ξ = 0 versus a sensible one-sided or two-sided alternative, either for the EVD or the GPD, date back to Jenkinson (1955) and Gumbel (1965 3. Locally asymptotically normal (LAN) tests (Falk, 1995a,b; Marohn, 1994 Marohn, , 1998a Marohn, ,b, 2000 Falk et al., 2008 ).
4. Goodness-of-fit (GOF) tests for the Gumbel model (Stephens, 1976 (Stephens, , 1977 (Stephens, , 1986 Kinnison, 1989) . The fitting of the GPD to data has been worked out in Castillo 
5.
Tests from large sample theory, like the likelihood ratio test and Wald test, among others (Hosking, 1984; Gomes, 1989b) .
Statistical choice in the MEV model is developed in Gomes (1984; 1989a,b) , Gomes & Alpuim (1986) , Hasofer & Wang (1992) , Wang (1995) , Fraga Alves & Gomes (1996) and Wang et al. (1996) . Some of these authors already go beyond the extremal process, working under a semi-parametric framework.
Semi-parametric framework
Under a semi-parametric framework, it is naturally sensible to test the hypothesis 9 Dependent frameworks-a brief reference to the extremal index estimation
The same EV ξ CDF, in (2.1), appears as the limiting CDF of the maximum for a large class of stationary sequences, {X n } n≥1 , like, for instance, the ones for which the mixing condition D, introduced in Leadbetter et al. (1983) , holds. Let us assume we have data from a stationary process with an underlying CDF, F , and let {Y n } n≥1 be the associated IID sequence (from the same model F ). Under adequate local dependence conditions, the limiting CDF of the maximum X n:n of the stationary sequence may be directly related to the maximum, Y n:n , of the IID associated sequence, through a new parameter, the so-called extremal index (EI). More specifically, the stationary sequence {X n } n≥1 has an extremal index θ (0 < θ ≤ 1) if, for every τ > 0, we may find a sequence of levels u n = u n (τ ) such that
The extremal index θ may thus be informally defined by the approximation
where F (.) is the marginal CDF of a strictly stationary sequence {X n } n≥1 , satisfying adequate local and asymptotic dependence conditions. One of the local dependence conditions which enable us to guarantee the existence of an extremal index is the D" condition, introduced by Leadbetter & Nandagopalan (1989) . Under the validity of such a condition, the EI can also be defined as the reciprocal of the 'mean time of duration of extreme events', being directly related to the exceedances of high levels. Indeed, we have θ = 1 limiting mean size of clusters = lim
where u n is a sequence of values such that F (u n ) = 1 − τ /n + o(1/n), as n → ∞. Then, given a sample (X 1 , . . . , X n ), an obvious non-parametric estimator of θ is immediately suggested: once a suitable threshold u is chosen, put
.
In order to have consistency of this estimator the high level u = u n must be such that n(1 − F (u n )) = c n τ = τ n , τ n → ∞ and τ n /n → 0 (Nandagopalan, 1990 ). And it is sensible to replace the deterministic level u by the stochastic level X n−k:n , and to consider the EI-estimator as a function of k, the number of OSs higher than the chosen threshold, getting the upcrossing (UC) EI-estimator 
Other related topics and open problems
We shall next almost reproduce the discussion in Beirlant et al. (2012) , since most of the topics considered there still deserve attention. Indeed, SUE is a quite lively topic of research. Important developments have appeared recently in the area of spatial extremes, where parametric models became again relevant. And now, that we have access to highly sophisticated computational techniques, a great variety of parametric models can further be considered. And in a semi-parametric framework, topics like robustness and extremes, threshold selection, trends and change points in the tail behaviour, and clustering, among others, are still quite challenging.
Penultimate approximations
An important problem in EVT concerns the rate of convergence of F n (a n x + b n ) towards EV ξ (x), in (2.1), or, equivalently, the search for estimates of the difference
Indeed, parametric inference on the RTF, usually unknown, is done on the basis of the identification of F n (a n x+b n ) and of EV ξ (x). And the rate of convergence can validate or not the most usual models in SUE. As noted by Fisher & Tippett (1928) , despite the fact that the normal CDF, Φ ∈ D M (G 0 ), the convergence of Φ n (a n x + b n ) towards G 0 (x) is extremely slow. They then show that Φ n (x) is 'closer' to a suitable penultimate Weibull rather than the Gumbel CDF. Such an approximation is the so-called penultimate approximation and several penultimate models have been advanced. Dated overviews of the modern theory of rates of convergence in EVT, introduced in Anderson (1971) , can be seen in Galambos (1984) and Gomes (1994) . More recently, Gomes & de Haan (1999) derived, for all ξ ∈ R, exact penultimate approximation rates with respect to the variational distance, under adequate differentiability assumptions. Kaufmann (2000) proved, under weaker conditions, a result related to the one in Gomes & de Haan (1999) . This penultimate or pre-asymptotic behaviour has further been studied by Raoult & Worms (2003) and Diebolt & Guillou (2005) , among others. Quite recently, the role of MS penultimate approximations in reliability has been considered in Reis et al. (2013) . Dealing with regular and homogeneous parallel-series systems, these authors assess the gain in accuracy when a penultimate approximation is used instead of the ultimate one. Other type of penultimate approximations have been considered in the unpublished paper by Smith (1987b) . Among them, we mention a penultimate EV parametric model of the type,
or the associated penultimate GP CDF,
This type of model surely deserves a deeper consideration under statistical backgrounds. Penultimate models seem to be possible and interesting alternatives to the classical models but have never been deeply used in the literature. Shouldn't we invest more on this type of models from an inferential point of view?
Max-semistable laws as alternative parametric models
We also refer the class of max-semistable (MSS) laws, introduced by Grinevigh (1992a Grinevigh ( , 1992b , Pancheva (1992) , and further studied in Canto e Castro et al. 
Robustness and extremes
In most statistical applications, outliers often occur and thus can have a disproportional effect on the estimation procedures. Some robust algorithms, replacing the classical statistical methodologies, can be useful, leading to alternative outlier-resistant estimators. In the context of EVT, this notion of robustness can appear at first sight as a contradiction since the aim is to reduce the influence of extreme observations whereas EVT mainly focus on these data points (see e.g. . In all the cases, these estimators depend on a single parameter that controls the trade-off between robustness and efficiency. The choice of this parameter is delicate and its adaptive selection, depending on the data, could be a challenging open problem. From a practical point of view, it is also difficult to be convinced of the presence or not of outliers in a data set. Thus it is recommended to compare robust and non-robust estimators. In case of a strong discrepancy between the estimates, we can suspect the presence of outliers in the tails.
The PORT methodology
In SUE most of the methods of estimation are dependent on the log-excesses or scaled log-spacings and do not react adequately to changes in the location of the model underlying the data. The steps given in PORT-estimation of parameters of extreme events are promising but still quite incomplete at the current state-of-the-art. 
Adaptive selection of sample fraction or threshold
A threshold is often set "almost arbitrarily" (for instance at the 90% or the 95% sample quantile)! However, the choice of the threshold, or equivalently of the number k of top OSs to be used, is crucial for a reliable estimation of any parameter of extreme events. The topic has already been extensively studied for classical and even reduced-bias EVI-estimators, as mentioned in Section 5.4. Is it sensible to use bootstrap computational intensive procedures for threshold selection or there will be simpler techniques possibly related with bias pattern? Is it possible to apply a similar methodology for the estimation of other parameters of extreme events?
Other possible topics of research in SUE
Recent parametric models, like the extreme value Birnbaum-Saunders model in Ferreira et al. . Moreover, the estimation of second and higher-order parameters still deserves further attention, particularly due to the importance of such estimation in SORB estimators of parameters of extreme events.
